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Proposed as a fundamental symmetry describing our Universe, spacetime supersymmetry (SUSY)
has not been discovered yet in nature. Nonetheless, it has been predicted that SUSY may emerge in
low-energy physics of quantum materials such as topological superconductors and Weyl semimetals.
Here, by performing state-of-the-art sign-problem-free quantum Monte Carlo simulations of an in-
teracting two-dimensional topological superconductor, we show convincing evidence that the N=1
SUSY emerges at its edge quantum critical point (EQCP) while its bulk remains gapped and topo-
logically nontrivial. Remarkably, near the EQCP, we find that the edge Majorana fermion acquires
a mass that is identical with that of its bosonic superpartner. To the best of our knowledge, this is
the first observation that fermions and bosons have equal dynamically generated masses, a hallmark
of emergent SUSY. We further discuss experimental signatures of such EQCP and associated SUSY.
As a spacetime symmetry interchanging fermions and
bosons, supersymmetry (SUSY) was originally intro-
duced in particle physics to attempt to solve various fun-
damental issues such as the hierarchy problem [1–5]. In
a theory with unbroken SUSY, each particle and its su-
perpartner would share the same mass and most internal
quantum numbers except spin. As the present Universe
is apparently not supersymmetric, many experiments in-
cluding the recent ones at the LHC have been trying to
look for evidence of SUSY at higher energy or sponta-
neous SUSY breaking; but no definitive results have been
found so far [6, 7].
The question “Under what circumstances can SUSY
emerge at low energy and long distance in quantum
many-body systems that are not supersymmetric at lat-
tice scale?” has attracted increasing attention. Remark-
ably, it has been shown theoretically that SUSY may
emerge at low energy in certain condensed matter sys-
tems at quantum criticality [8–25], mainly from renor-
malization group (RG) analysis of the low-energy effec-
tive theory at the corresponding quantum critical (mul-
ticritical) points where the terms breaking SUSY are ir-
relevant in the infrared limit. Especially, it was shown
theoretically in Ref. [8] that SUSY can emerge at the
quantum critical point on the boundary of topological
superconductors (TSC) [26, 27] by tuning a single pa-
rameter while the bulk is still fully gapped and topolog-
ically nontrivial. However, edge quantum critical points
(EQCP) in microscopic models of two-dimensional in-
teracting topological superconductors [28] have not been
unambiguously revealed so far. Moreover, to investi-
gate emergent SUSY at the putative EQCP, we need to
accurately determine critical exponents of the quantum
phase transitions. Consequently, a two-dimensional mi-
croscopic model of interacting topological superconduc-
tors and its unbiased solution demonstrating such EQCP
and emergent SUSY are vastly desired not only for their
own interest but also for future experimental verifications
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FIG. 1. The quantum phase diagram of an interacting two-
dimensional topological superconductor (SC) revealed by the
sign-problem-free QMC simulations. Here, the EQCP repre-
sents an “edge quantum critical point” where time-reversal
breaking with magnetic order occurs only on the edge but
not in the bulk. At the EQCP, spacetime SUSY emerges by
tuning only a single parameter, the Hubbard interaction U .
Similarly, BQCP labels the “bulk quantum critical point”,
beyond which both the edge and bulk break time-reversal
symmetry.
of emergent SUSY.
Here, we introduce a minimal model of interacting
time-reversal-invariant TSC of spin-1/2 electrons on the
square lattice [see Eq. (1) below] to fill in this gap. Im-
portantly, this minimal model is sign-problem free in
determinant quantum Monte Carlo (QMC) simulations
[29–34] by employing time-reversal symmetry [35, 36].
Recently, a number of sign-problem-free algorithms and
related fermionic systems were studied [36–49]. By per-
forming state-of-the-art Majorana QMC simulations of
this interacting model of topological p+ ip superconduc-
tors, we find that with increasing interactions the topo-
logical superconductor’s helical edge Majorana fermions
first undergo spontaneous time-reversal breaking while
its bulk remains gapped and topologically nontrivial
(bulk time-reversal breaking occurs only at stronger in-
teraction strength). The quantum phase diagram is
shown in Fig. 1. More importantly, the critical exponents
at the EQCP obtained by our large-scale QMC simula-
tions are consistent with exact results of the N=1 su-
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2persymmetric theory, which provides convincing evidence
that the EQCP in helical Majorana edge states of a TSC
features an emergent spacetime SUSY [8]. To the best of
our knowledge, this is the first time that an EQCP with
emergent spacetime SUSY has been observed by intrinsi-
cally unbiased simulations of a two-dimensional quantum
many-body model.
Emergent SUSY at quantum criticality dictates
that fermions and their bosonic superpartners have
equal masses at and near the QCP. However, so far
such dynamically generated phenomena have not been
observed in condensed matter systems. In the Letter,
by computing the imaginary-time Green’s functions by
large-scale QMC simulations, we are able to compute
the masses of the edge Majorana fermion and its bosonic
superpartner near the EQCP. We find that they equal to
each other within a numerical error bar: namely mf=mb
where mf and mb are fermion and boson masses,
respectively. This is the first observation that fermions
and bosons have equal dynamically generated masses,
a hallmark of emergent SUSY. We emphasize that the
equal masses between fermions and bosons observed
near the EQCP are emerge phenomena, rather than an
explicit assumption in microscopic models [15]. When
the system moves sufficiently away from the EQCP, the
fermion mass gradually differs from the boson mass, due
to the explicit breaking of SUSY away from the EQCP.
Such phenomena shed light to our understanding of the
possible breaking of assumed SUSY in nature.
Sign-problem-free model of interacting TSC:We
first introduce a minimal model describing interacting
TSC of spin-1/2 electrons on the square lattice with time-
reversal symmetry (T):
H=
∑
ij,σ
[− tijc†iσcjσ+∆ij,σc†iσc†jσ+h.c.]−U∑
i
ni↑ni↓,(1)
where c†iσ creates an electron on site i with spin polar-
ization σ=↑,↓, niσ=c†iσciσ is the number operator, tij=t
labels nearest-neighbor hopping, and tii=µ is the chem-
ical potential. Hereafter we set t = 1 as the unit of en-
ergy. Here ∆ij,↑=∆(δj,i±xˆ+iδj,i±yˆ) and ∆ij,↓=∆(δj,i±xˆ−
iδj,i±yˆ) such that the Hamiltonian in Eq. (1) with a finite
∆ describes a time-reversal invariant TSC [50–52] with
(p+ip) triplet pairing of spin-up electrons and (p−ip)
pairing of spin-down electrons.
For weak Hubbard U interaction, the system’s edges
host massless helical Majorana fermions that are
protected by the T : T=iσyK, where σi acts in spin
space and K represents complex conjugation. Note
that, besides the T, the model also respects another
symmetry P=σz; namely, the spin parity (−1)N↑ is
conserved where N↑ is the total number of spin-up
electrons. The topological classification of interacting
superconductors respecting both symmetries was stud-
ied in Refs. [53–55]. More importantly, simulating
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FIG. 2. QMC results clearly showing an EQCP of the in-
teracting topological superconductor by tuning only a single
parameter, the Hubbard interaction U . (a) For ∆=0.4 and
µ=−0.5, the Binder ratio on the edge obtained from QMC
shows that the edge QCP occurs Uedgec ≈ 5.18; (b) The Binder
ratio in the bulk shows that the bulk QCP happens at a
stronger interaction Ubulkc ≈ 5.52 with Ubulkc > Uedgec . (c)
The plot of crossing points U
(L,L−2)
cross between the two Binder
ratios of system size L and L− 2, for L = 16, 18, 20, 22, 24. It
is clear that the edge QCP is separated from the bulk QCP.
the minimal model in Eq. (1) with attractive Hubbard
interactions is sign-problem-free (more specifically
it belongs to the sign-problem free Majorana class
[36, 39, 40]). Consequently, the correlation effect in such
TSC can be investigated by large-scale Majorana QMC
simulations. In particular, we investigate whether an
EQCP and emergent SUSY at the EQCP can be real-
ized by tuning a single parameter, i.e., the interaction U .
Edge quantum critical point: It is expected that a
strong attractive Hubbard interaction would generate a
finite singlet pairing. Consequently, as the value of U/t
is increased, the TSC with only triplet pairing should en-
counter a quantum phase transition into a topologically
trivial superconductor with a finite singlet-pairing com-
ponent, namely ∆s=〈c†i↑c†i↓〉6= 0, which spontaneously
breaks the spin-parity symmetry P . Moreover, a pure
imaginary ∆s, which spontaneously breaks the time-
reversal symmetry T , could gain more condensation en-
ergy than real ∆s [56]. If an EQCP with spontaneous T
breaking occurs while the bulk remains gapped and topo-
logically nontrivial, it was theoretically predicted that
spacetime SUSY should emerge at the EQCP of the he-
lical Majorana edge states [8].
So far, whether an EQCP in interacting topological
phases including topological superconductors exists re-
mains open. To investigate the nature of broken sym-
metry and the possibility of an EQCP in the interacting
TSC, we perform the large-scale projector (namely, zero-
temperature) QMC simulations [36, 57–59] of the sign-
problem-free model in Eq. (1) on the L×L square lattice
with largest L = 24. We evaluate the Binder ratio to de-
termine the exact quantum critical point of edge and bulk
time-reversal symmetry breaking. At a critical point, the
value of the RG-invariant quantity Binder ratio should be
3- 6 0 - 4 0 - 2 0 0 2 0 4 0
0 . 4 0
0 . 4 5
0 . 5 0
0 . 5 5
0 . 6 0
0 . 6 5
0 . 7 0
0 . 7 5
0 . 8 0
M 2L
η
( U - U e d g ec ) L 1 / ν
 L = 1 6 L = 1 8 L = 2 0 L = 2 2 L = 2 4
(a)
1 4 1 6 1 8 2 0 2 2 2 41 E - 3
0 . 0 0 2
0 . 0 0 3
0 . 0 0 4
0 . 0 0 5
P(r m
ax)
L
(b)
FIG. 3. QMC results of the critical exponents at the EQCP.
(a) By employing data collapse to fit the scaling function
of the structure factors near the EQCP U = Uedgec with
L = 16, 18, 20, 22, 24, we obtain ηQMC = 0.43 ± 0.03 and
νQMC = 0.56 ± 0.03, which is perfectly consistent with ex-
act values of ηSUSY = 2/5 and νSUSY = 5/9, convincingly
indicating emergent SUSY at the EQCP. (b) Fermion corre-
lation at largest separation rmax =
L
2
is plotted versus linear
system size L, for L = 16, 18, 20, 22, 24. The fermion anoma-
lous dimension ηψ = 0.45 ± 0.07 is obtained from the slope
of linear scaling function in ln-ln plotting, which equals to
anomalous dimension of boson within the error bar.
independent of system sizes, such that the critical point
can be identified as the crossing point of the Binder ratio
for different system sizes. The finite-size effects on the
crossing points of the Binder ratio for different system
sizes are rather weak [60]. By computing the Binder ra-
tio B(L) of the singlet-pairing order parameter 〈c†i↑c†i↓〉
on the edge and in the bulk of the square lattice, we
first obtain the critical values U edgec and U
bulk
c of spon-
taneous symmetry breaking occurring on the edge and
bulk, respectively (see the Supplementary Materials for
details). For ∆=0.4 and µ=−0.5, as shown in Fig. 2,
the edge spontaneous symmetry-breaking happens in-
deed before the bulk does such that there is a finite inter-
action range where the edge symmetry-breaking occurs
while the bulk still preserves all the symmetries. More-
over, for U>U edgec the singlet-pairing ∆s obtained from
QMC is purely imaginary, indicting that the T is sponta-
neously breaking. Another manifestation of T breaking
is the appearance of magnetic ordering on the edge, as
shown in Fig. 1 (see the SM for details).
For U>U edgec , the edge Majorana fermion is gapped
and acquires a finite mass due to the T breaking. Note
that for U edgec <U<U
bulk
c , T breaking appears only on
the edge, but not in the bulk. At U=Ubulkc , the BQCP
with breaking time-reversal symmetry appears and the
bulk quantum transition is in the Ising university class
in 2+1 dimensions, as shown in Fig. 1.
Emergent SUSY: The edge quantum phase transi-
tion of T breaking discovered by our QMC simulations
can be described by the following effective field theory,
Sedge =
∫
dτdx
[
ψ¯(σ0∂τ + σ
zvf∂x)ψ + φ(∂
2
τ + v
2
b∂
2
x)φ
+rφ2 + uφ4 + gφψσyψ
]
, (2)
where ψ = (ψ↑, ψ↓)T describes edge Majorana fermions,
φ represents the order-parameter boson, and vf (vb) la-
bels initial fermion (boson) velocity (vf and vb, which
are in general not equal). At the EQCP (namely, r=0),
the RG analysis [8] shows that there exists a fixed point
where v∗f=v
∗
b=v
∗ and (g∗)2=u∗. The action at the fixed
point is invariant under the following supersymmetric
transformations: δφ = ψ¯θ and δψ = iγµ∂µφθ + g
∗φ2θ¯,
where θ is a two-component spinor of real Grassmann
variables that parametrizes the transformation and ψ¯ =
ψ†γ0; in other words, spacetime SUSY emerges at the in-
frared limit from RG analysis. Nonetheless, so far it has
not been tested from any unbiased simulations of two-
dimensional microscopic models supporting the EQCP.
It is thus of urgent importance to verify the emer-
gence of SUSY from the unbiased and numerically
exact QMC simulations [62]. For the SUSY theory
discussed above, the exact values of boson anomalous
dimension ηφ, fermion anomalous dimension ηψ, and
the correlation exponent ν are known theoretically:
ηSUSYφ =η
SUSY
ψ =2/5 and ν
SUSY =5/9 according to the
superconformal symmetry [9]. To directly verify whether
the emergent SUSY occurs in the 2D microscopic model
we compute the critical exponents ηφ, ηψ, and ν at the
EQCP by QMC simulations and compare them with the
exact values of the putative 1+1 dimensional N=1 SUSY
or 1+1 dimensional tricritical Ising universality class
[8, 9]. Remarkably, as shown in Fig. 3, our large-scale
QMC simulations of the interacting TSC model with
∆=0.4 and µ=−0.5 give rise to the following critical
exponents at the EQCP (U=U edgec ): η
QMC
φ =0.43±0.03,
ηQMCψ =0.45±0.07, and νQMC=0.56±0.03, all of which
are equal to exact values obtained from the predicted
emergent SUSY. (See Supplementary Material for de-
tails of deriving those critical exponents from finite-size
scaling analysis.) Similar consistency is also obtained in
QMC simulations of the TSC model with ∆=0.3 [61].
Consequently, our QMC simulations provide convincing
evidence that the N=1 SUSY indeed emerges generally
at the EQCP of the two dimensional interacting TSC.
We emphasize that the simulations here are directly
studying a microscopic TSC model in two-dimensional
with local time-reversal symmetry instead of an effec-
tively one-dimensional model with nonlocal symmetry
studied in Ref. [8].
Equal mass of fermions and bosons: In a super-
symmetric theory, particles and their superparticles share
the same mass and other internal quantum numbers ex-
cept spin. Consequently, emergent SUSY at the EQCP
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FIG. 4. QMC results showing emergent SUSY at the edge
QCP of the interacting topological superconductor of spin-1/2
electrons. (a) Close to EQCP, fermion mass and boson mass
equal to each other within error bar; (b) two masses can be
fitted by the same scaling function mf = mb ∝ (U − Uedgec )ν
close to the EQCP.
dictates that the edge Majorana fermion and its bosonic
superpartner have equal masses at and near the EQCP.
This hallmark phenomenon of emergent SUSY has not
been observed in quantum materials or microscopic mod-
els so far. Fortunately, masses of fermions and bosons can
be computed in QMC simulations. In this paper, from
computing the following imaginary-time Greens function
on the edge by QMC in the broken symmetry phase,
Gfk(τ) =
〈
c†kσ(τ)ckσ(0)
〉 ∝ exp(−τmf ) + · · · (3)
where k is the edge crystal momentum with k = 0 and
τ is sufficiently large, we are able to extract the mass
mf (or equivalently gap) of edge Majorana fermions gen-
erated by T breaking. Similarly, the boson’s mass can
also be computed from evaluating the edge boson Green’s
function Gbk(τ)=〈φˆ†k(τ)φˆk(0)〉∝exp(−τmb) + · · · , where
φk is the Fourier transform of the edge order parame-
ter φˆj=i(c
†
j↑c
†
j↓ − cj↓cj↑), in the T breaking phase [61].
The values of these two masses in the thermodynamic
limit are obtained by finite-size scaling, as shown in the
Supplemental Material. The error bars of the values in
Fig. 4(a) represent the standard errors of fitting (see [61]
for details). Sufficiently close to the EQCP, we find that
the two masses equal to each other within numerical error
bar, namely mf=mb, as shown in Fig. 4(a). The obser-
vation that fermions and bosons have equal dynamically
generated masses provides a further evidence of emergent
SUSY at the EQCP. When the system is sufficiently away
from the EQCP, the two masses differ apparently indicat-
ing the breaking of SUSY, which could shed some light
on understanding possible SUSY breaking in nature.
Exactly at the EQCP, both mf and mb certainly van-
ish. Close to the EQCP with the emergent SUSY, the
scaling of masses is given by
mf = mb ∝ (U − U edgec )ν , (4)
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FIG. 5. The quantum phase diagram of interacting topolog-
ical superconductors. Here the dots are obtained by QMC
simulations. The EQCP (red line) and BQCP are generi-
cally separated for any finite ∆. The spacetime N=1 SUSY
emerges at the EQCP.
where ν=νSUSY=5/9 owing to the SUSY. The masses
obtained from the QMC simulations are reasonably
consistent with this scaling, as shown in Fig. 4(b),
providing further support to the emergent SUSY at the
EQCP of the interacting two-dimensional topological
superconductors, whose global phase diagram as a
function of triplet pairing ∆ and on-site interaction U is
shown in Fig. 5.
Concluding remarks: One largely open but impor-
tant issue is how to possibly realize emergent SUSY
in condensed matter or cold atom systems. As there
are already promising proposals to realize time-reversal-
invariant TSC in two dimensions [63–66], tuning a single
parameter such as the Hubbard interaction studied in
this work should suffice to achieve the EQCP and emer-
gent SUSY. Another promising way is to employ ultra-
cold atoms loaded into an optical lattice, where relatively
strong on -site Hubbard attractions can be achieved by
tuning the system close to Fechbach resonance [67].
The edge quantum phase transition with time-reversal
breaking magnetic orders may be detected by measur-
ing local magnetic fields via experimental probes such as
scanning superconducting quantum interference devices
and scanning magnetic force microscopy or by measur-
ing the gap of edge Majorana fermions by scanning su-
perconducting quantum interference devices (STM). The
bulk symmetry breaking may be detected by polar Kerr
rotation [68, 69]. Around the EQCP, the critical expo-
nent ν can be inferred from the edge Majorana fermion
gap measured by STM according to Eq. (4), which can
be further compared to the exact value 5/9 predicted by
SUSY. Moreover, exactly at or sufficiently close to the
EQCP, another experimental signature of the emergent
SUSY is the local density of state(DOS) at the EQCP
that can be measured by STM: ρ(ω)∝|ω|2/5, which is
5qualitatively different from the constant DOS (∝|ω|0) of
noninteracting edge Majorana fermions. Another inter-
esting consequence of the edge symmetry breaking of the
two-dimensional TSC is the emergence of a Majorana
zero mode [70] localized at the domain boundary of the
edge magnetic orders, which may be detected by STM.
In conclusion, from numerically exact QMC simula-
tions, we have shown that an EQCP can be achieved in a
minimal microscopic model of two-dimensional interact-
ing TSC by tuning only a single parameter. An EQCP
has been convincingly established in two-dimensional lat-
tice models, which could shed light on studies of exotic
quantum critical points [71–79]. Moreover, our unbiased
simulations show convincing evidence of emergent SUSY
at the EQCP by both obtaining consistent critical ex-
ponents and demonstrating equal dynamically generated
masses of fermions and bosons. We believe that the re-
sults presented here can not only lend concrete support to
potentially realize emergent spacetime SUSY in quantum
materials but also shed light on the intriguing interplay
among correlation, topology, and symmetry.
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SUPPLEMENTAL MATERIALS
I. Details of the projector Majorana QMC simulations
We use projector QMC in Majorana representation to investigate the interacting topological superconductors de-
scribed by the Hamiltonian in Eq. (1). In projector QMC, the expectation value of an observable O in the ground
state can be evaluated as:
〈ψ0|O |ψ0〉
〈ψ0 | ψ0〉 = limθ→∞
〈ψT | e−θHOe−θH |ψT 〉
〈ψT | e−2θH |ψT 〉 , (S1)
where ψ0 is the true ground state wave function and ψT is a trial wave function which should have a finite overlap
with the true ground state wave function. In our QMC simulations, the imaginary-time projection parameter is
θ = 60/t for the systems with periodic boundary conditions. In the cases of cylinder boundary conditions, most
systems are computed using θ = 100/t and some systems with large systems size or near critical points are computed
using θ = 120/t. We have checked that results stay nearly the same for larger θ which ensures desired convergence.
We set ∆τ = 0.05 and the results do not change if we use smaller ∆τ . Because of the absence of sign-problem, we
can perform large-scale QMC simulations. In the computation of the bulk quantum phase transition, we use periodic
boundary condition. In the computation of edge phase transition, we use periodic boundary condition in x direction
and open boundary condition in y direction. The largest system size has N = L2 sites with L = 24.
II. The Binder ratio and finite size scaling analysis for the bulk and edge QCP
As a powerful numerical technique, the Binder ratio B(L) = M4
M22
is frequently used to study quantum phase
transitions, where M2 and M4 are the second-order and fourth-order moments associated with the order parameter
7describing the quantum phase transition in question. For the quantum phase transition breaking time-reversal sym-
metry, the order parameter is pure-imaginary singlet-pairing 〈ic†i↑c†i↓ − ici↓ci↑〉. For this quantum phase transition,
the M2 is the pure-imaginary singlet-pairing structure factor: M2 =
∑
ij
1
N2
〈
(ic†i↑c
†
i↓− ici↓ci↑)(ic†j↑c†j↓− icj↓cj↑)
〉
and
M4 =
∑
ijkl
1
N4
〈
(ic†i↑c
†
i↓ − ici↓ci↑)(ic†j↑c†j↓ − icj↓cj↑)(ic†k↑c†k↓ − ick↓ck↑)(ic†l↑c†l↓ − icl↓cl↑). In the computation of phase
transition at bulk, we simulate M2 and M4 by a summation over all the sites. While in the computation of phase
transition at edge, we only sum over the sites at the boundary (y = 1 and y = Ly). In disordered phase, the Binder
ratio increases as the systems size in increased, while in ordered phase its trend is opposite. The Binder ratio for
different L should cross at the critical point.
To obtain the critical exponents of the edge and bulk quantum phase transitions, we perform finite-size scaling
analysis. Close to quantum critical points, the structure factor M2 of the time-reversal breaking singlet-pairing
satisfies the following scaling function:
M2 = L
−d−η+1F(L 1ν (U − Uc)), (S2)
where we have implicitly assumed the dynamical critical exponent z = 1 for the quantum phase transition of the
current model. Here, for the bulk phase transition, d = 2; for edge phase transition, d = 1. When sufficiently close
to the quantum critical point, the structure factor M2 should be collapsed to a single smooth scaling function, as in
Eq. (S2), for different L and U by choosing the appropriate values of η and ν.
In the main text, we have shown the results for ∆=0.4, for which the edge time-reversal symmetry breaking occurs
at the interaction strength smaller than that of the bulk transition. Moreover, at the EQCP, the observed critical
exponents and equal masses between fermions and bosons provide strong evidence that the EQCP features an emergent
SUSY. The EQCP with emergent SUSY should be generic for the interacting topological superconductors. To confirm
this, we further studied the case of ∆ = 0.3, for which we performed the same computations as ∆ = 0.4 whose results
have been shown in the main text. Indeed, we obtain similar results between ∆ = 0.3 and ∆ = 0.4, which leads to
the conclusion that the EQCP in the interacting TSC model respects the same emergent SUSY. The followings are
the details of the analysis. From Binder ratio analysis, it clearly shows that the edge QCP occurs at U edgec = 4.09
and the bulk QCP at Ubulkc = 4.48, as shown in Fig. S1(a) and Fig. S1(b), respectively. There is a finite range of
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FIG. S1. QMC results of Binder ratio and critical exponents at the EQCP for ∆ = 0.3 and µ = −0.5. (a) Bulk Binder ratio
shows that BQCP occurs at Ubulkc ≈ 4.48; (b) Edge Binder ratio shows that EQCP occrus at Uedgec ≈ 4.07 with Uedgec < Ubulkc ;
(c) By employing the data collapse analysis to fit the scaling function of the structure factor near EQCP, ηφ = 0.42± 0.03 and
ν = 0.57 ± 0.04 are obtained; (d) From the scaling of fermion correlation function on edge, we obtain the fermion anomalous
dimension ηψ = 0.46± 0.08).
8interactions where the edge spontaneously breaks T while the bulk preserves all the symmetries. From data collapse
of M edge2 , as shown in Fig. S1(c), we obtain the values of critical exponents at the EQCP: boson anomalous dimension
ηφ = 0.42 ± 0.03, fermion anomalous dimension ηψ = 0.46 ± 0.08, and ν = 0.57 ± 0.04. These results are consistent
with the exact values of the corresponding exponents of the SUSY theory.
III. Fermion and boson masses in the edge with time-reversal symmetry breaking
When the time-reversal symmetry on the edges is broken, both fermions and bosons on the edges are gapped or
massive. In the projector QMC simulations, the gap may be obtained through measuring the tails of the (imaginary)
time displaced Green’s function. To compute the gap of edge fermions, we measure single-particle Green’s function:
Gfk(τ) =
∑
σ=↑,↓
〈
c†kσ(τ)ckσ(0)
〉
, (S3)
where c†kσ(τ) = e
τHc†kσe
−τH and k is the edge crystal momentum. We use periodic boundary condition in x direction
and open boundary condition in y direction. Here k is the momentum in x direction and c†k =
1
Lx
∑Lx
x=1 c
†
(x,y=Ly)
eikx.
The fermionic mass mf corresponds to the single-particle excitation energy at k = 0, which can be obtained from
Gfk=0(τ) ∝ e−τmf when imaginary-time τ is large enough. Similarly, the bosonic mass can also be obtained through
imaginary-time displaced pair-pair correlation:
Gbk(τ) =
〈
φˆ†k(τ)φˆk(0)
〉
, (S4)
where φˆ†k(τ) =
1
Lx
∑Lx
x=1 i
[
c†(x,y=Ly)↑(τ)c
†
(x,y=Ly)↓(τ) − c(x,y=Ly)↓(τ)c(x,y=Ly)↑(τ)
]
eikx. The mass of bosons can be
obtained from Gbk=0(τ) ∝ e−τmb when imaginary-time τ is large enough. We compute fermion and boson masses
in systems with linear size L = 10, 12, 14, 16 by fitting the tail of imaginary-time displaced single-particle Green’s
function and pair-pair correlation, respectively. Then, the values of masses in the thermodynamic limit are obtained
by finite-size scaling using a linear function of 1/L. We employ the standard method of least square fitting to extract
the parameters in the linear function. The finite-size scaling of boson and fermion masses are presented in Fig. S3.
The intercepts of the fitted linear function are values of boson and fermion masses in the thermodynamic limit. The
error bars of masses are standard errors of the fitted intercepts.
IV. Magnetic order in T breaking phase
Besides the pure-imaginary singlet-pairing, T breaking can also manifest explicitly magnetic ordering. The magnetic
order in the T breaking phase arises as the secondary order since it can be derived from the pure-imaginary singlet-
pairing and helical p-wave triplet-pairing. When we compute magnetic order on the edge, we use periodic boundary
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FIG. S2. The finite-size scaling analysis at the BQCP, which belongs to the 3D Ising university class. (a) For ∆ = 0.3, the
data collapse analysis of bulk M2 gives rise to the following critical exponents of the BQCP: η = 0.04± 0.03, ν = 0.62± 0.02.
(b) Similar analysis of BQCP for ∆ = 0.4 gives rise to the critical exponents: η = 0.02± 0.03, ν = 0.63± 0.03. For both cases,
the critical behaviors are consistent with the 3D Ising university class.
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FIG. S3. QMC results of the boson and fermion masses of the edge magnetic ordered phase close to the EQCP for ∆ = 0.4. (a)
The finite-size scaling of boson masses versus 1/L for L = 10, 12, 14, 16. A linear function is used in the fitting. The intercepts
of linear functions are the values of boson masses in the thermodynamic limit. The error bars are standard errors of fitted
parameters. (b) The finite-size scaling of fermion masses versus 1/L for L = 10, 12, 14, 16. The intercepts of linear functions
are the values of fermion masses in the thermodynamic limit.
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FIG. S4. QMC results of the magnetic orders characterizing the breaking of time-reversal symmetry for ∆ = 0.3. (a) For
U = 4.4 > Uedgec , the finite-size scaling of the magnetic structure factor on the edge S
edge versus 1/L shows that a finite
magnetic order appears, indicating the breaking of T. (b) For U = 5.5 > Ubulkc , the bulk structure factor of the composite
magnetic order Sbulk versus 1/L shows a finite composite magnetic order in the bulk.
condition along the x-direction and open boundary condition along the y-direction. In the T breaking phase, magnetic
moments on the edge are ordered in the x-direction due to the reflection symmetry on the xz-plane My which map
y to −y. We compute the structure factor of magnetic order on the edge to further verify the T breaking on the
edge: Sedge(L) = 1L2
∑
ij〈c†iσxcic†jσxcj〉, where i, j are restricted to one edge. The finite-scaling scaling of the edge
structure factor with 1/L shows that long-ranged magnetic order indeed appears when U > U edgec (see Fig. S4(a)),
which serves as another evidence of Tbreaking on the edges.
Similarly, T breaking in the bulk can also be reflected by certain type of magnetic order. In our computation of
bulk magnetic order, when periodic boundary condition along both directions is used, the reflection symmetries on
the xz -plane My and the yz-plane Mx are preserved such that the simple magnetic order in x and y-direction are
prohibited. Nonetheless, the following composite magnetic order parameter can be used to measure T breaking in the
bulk:
Oi =
[
c†iσ
zci(ic
†
iσ
xci+x + ic
†
iσ
yci+y) + h.c.
]
, (S5)
which is odd under time-reversal transformation. This composite magnetic order parameter is the combination of
the site spin order in the z-direction and the bond spin order in x(y)-direction, which breaks T but preserves both
reflection symmetries in the original Hamiltonian. We then compute the structure factor of this composite magnetic
order parameter Sbulk = 1L4
∑
ij OiOj , where i, j are over all sites of the bulk, and obtain a finite value after the
linear systems size L is extrapolated to infinity, as shown in Fig. S4(b). This finite-size scaling result indicates when
U > Ubulkc the system possesses a long-range composite magnetic order and breaks T in the bulk.
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FIG. S5. QMC results of the dominant CDW structure factor at edge momentum kp = pi for ∆ = 0.4. For U = 5.3 > U
edge
c ,
the finite-size scaling of edge CDW structure factor SCDW(kp) versus 1/L shows that CDW order parameter is zero in the
thermodynamic limit. This indicates that, in edge time-reversal symmetry breaking phase with s-wave pairing, the CDW order
does not appear.
V. Absence of CDW ordering in the T breaking phase
We investigate the CDW instability in the edge T breaking phase by computing CDW structure factor SCDW(k) =
1
L2
∑
ij ninje
i(i−j)k on the edge. The edge CDW structure factor at the peaked momentum SCDW(kp) are plotted
in Fig. S5. The finite-size scaling analysis is performed to extract the CDW order parameter in the thermodynamic
limit. The results show that the CDW order parameter vanishes in the thermodynamic limit, which indicates that in
the edge T braking phase CDW ordering does not coexist with the s-wave pairing.
VI. Critical behaviors at the bulk QCP
We now study the critical properties of bulk quantum phase transition at U = Ubulkc by finite-size scaling. When
U > Ubulkc , the bulk breaks T and the transition should belong to the 3D Ising universality class. For both cases of
∆ = 0.3 and ∆ = 0.4, the data collapse analysis shows that the structure factor can be fitted by a single smooth
function, which gives rise to the values of critical exponents: η = 0.04 ± 0.03 and ν = 0.62 ± 0.02 for ∆ = 0.3 (see
Fig. S2(a)); η = 0.02± 0.03 and ν = 0.63± 0.03 for ∆ = 0.4 (see Fig. S2(b)). These results are well consistent with
3D Ising transition.
